Abstract. We develop a theory of "quasi"-Hamiltonian G-spaces for which the moment map takes values in the group G itself rather than in the dual of the Lie algebra. The theory includes counterparts of Hamiltonian reductions, the Guillemin-Sternberg symplectic cross-section theorem and of convexity properties of the moment map. As an application we obtain moduli spaces of flat connections on an oriented compact 2-manifold with boundary as quasi-Hamiltonian quotients of the space G 2 × · · · × G 2 .
Introduction
The purpose of this paper is to study Hamiltonian group actions for which the moment map takes values not in the dual of the Lie algebra but in the group itself.
For the circle group S 1 this situation has been studied in literature (see e.g. [McD, Wm] ). The standard example is the real 2-torus T 2 = S 1 × S 1 , with its standard area form and the circle acting by rotation of the first S 1 ; the moment map is given by projection to the second S 1 . It is in fact known that every symplectic S 1 -action on a symplectic manifold for which the 2-form has integral cohomology class admits an S 1 -valued moment map. In this paper we consider group valued moment maps for general non-abelian compact Lie groups G. One theory encountering group valued moment maps is the theory of Poisson-Lie group actions on symplectic manifolds [L] , [LW] , where G is a Poisson Lie group and the target of the moment map is the dual Poisson-Lie group G * . In [A] it was shown that for compact, connected, simply connected Lie groups G this theory is equivalent to the standard theory of Hamiltonian actions.
In this paper we introduce the notion of "quasi"-Hamiltonian (q-Hamiltonian) G-spaces consisting of a G-manifold M, an invariant 2-form ω and a group valued moment map µ : M → G satisfying certain natural compatibility conditions. It turns out that for non-abelian G these spaces differ in many respects from Hamiltonian G-spaces. In particular, the conditions that the 2-form ω be non-degenerate and closed have to be replaced by somewhat more complicated conditions. In spite of these differences, Hamiltonian reductions of these spaces are defined and result in spaces with symplectic forms.
Basic examples for q-Hamiltonian G-spaces are conjugacy classes in G. Another example is the "double" D(G) = G × G generalizing the above T 2 -example. Note that for G compact and simply-connected, D (G) does not admit a symplectic structure because its second cohomology is trivial. Yet, it admits a (minimally degenerate) q-Hamiltonian structure. As an application we obtain the moduli space M(Σ) of flat connections on a closed 2-manifold Σ of genus k as a q-Hamiltonian quotient of the space G 2k . Our construction is a reinterpretation of the construction due to Jeffrey [J1] and Huebschmann [H] (see also [GHJW] ) which represents M(Σ) as a symplectic quotient of a certain finite dimensional non-compact symplectic space X (which is in fact an open subset of G 2k ). Their construction is based on the group cohomology approach of Goldman [G] , Karshon [K] and Weinstein [W] . For another closely related construction see KingSengupta [KS] .
We show that the space G 2k admits a q-Hamiltonian structure with a G-valued moment map corresponding to the G-action by simultaneous conjugations. Then M(Σ) is obtained as a q-Hamiltonian quotient of G 2k . The closedness and nondegeneracy of the 2-form on the moduli space follows from the basic properties of the reduction procedure. More generally, if Σ has a boundary and C = {C j } are conjugacy classes of holonomies associated to the boundary components, the corresponding moduli space M(Σ, C) is a q-Hamiltonian reduction of the space G 2(r+k) where r + 1 is the number of boundary components. We will explicitly describe the 2-form on G 2(r+k) that gives rise to the symplectic form on moduli space and check that the answer coincides with Atiyah-Bott's [AB] gauge theoretic construction of the symplectic form on M(Σ, C).
The paper is organized as follows. The definition of a q-Hamiltonian G-space with G-valued moment map is given in Section 2. Section 3 contains basic examples of q-Hamiltonian G-spaces and Section 4 discusses some of their basic properties. In Section 5 we show that Hamiltonian reduction extends to the present setting. In Section 6 we define the "fusion product" of two G-Hamiltonian spaces, with moment map the pointwise product of the two moment maps. In Section 7 we prove a q-Hamiltonian version of the Guillemin-Sternberg symplectic cross-section theorem and discuss convexity properties of the moment map. In Section 8 we explain the relation of our theory to Hamiltonian loop group spaces, we prove that there is a natural one-to-one correspondence between compact q-Hamiltonian G-spaces and Hamiltonian LG-spaces with proper moment map. Section 9 contains the application of our results to moduli spaces of flat connections. In Section 10 we explain the relation to the Lu-Weinstein theory of Poisson-Lie group actions on symplectic manifolds.
Quasi-Hamiltonian G-spaces
In this section we recall the definition of Hamiltonian G-spaces with g * -valued moment maps and then present our definition for "quasi"-Hamiltonian G-spaces with G-valued moment maps.
2.1. Hamiltonian G-spaces. Throughout this paper G denotes a compact Lie group with Lie algebra g. A G-manifold is a manifold M together with an action A : G × M → M. Given g ∈ G, x ∈ M we will often write A(g, x) = x g , and for ξ ∈ g we denote by v ξ the generating vector field on M. Given a closed invariant 2-form ω on a G-space (M, A), the contraction ι(v ξ )ω is closed because
In symplectic geometry, one is mainly interested in the case that ι(v ξ )ω is exact and ω is non-degenerate:
Definition 2.1. A Hamiltonian G-space (M, A, ω, µ) is a G-manifold (M, A), together with an invariant 2-form ω ∈ Ω 2 (M) G and an equivariant moment map µ ∈ C ∞ (M, g * ) G such that:
(A1) The form ω is closed: dω = 0.
(A2) The moment map satisfies ι(v ξ )ω = d µ, ξ for all ξ ∈ g.
(A3) The form ω is non-degenerate.
Simple consequences of the axioms are the following description of the kernel and image of the derivative of the moment map:
Here g x is the isotropy algbra of x and g 0 x its annihilator in g * , and for any subspace E ⊂ T x M the subspace E ω := {v ∈ T x M, ω(v, w) = 0 for all w ∈ E} is its ω-orthogonal complement.
2.2. q-Hamiltonian G-spaces. Let us try to develop the notion of a "quasi"-Hamiltonian G-space (M, A, ω, µ) with a G-valued moment map µ : M → G. We denote by (·, ·) some choice of an invariant positive definite inner product on g which we use to identify g ∼ = g * , and by θ, θ ∈ Ω 1 (G, g) the left-and right-invariant Maurer-Cartan forms. (In a faithful matrix representations for G, θ = g −1 dg and θ = dg g −1 .) If G is abelian (so that θ = θ), the natural replacement for the moment map condition is
If G is non-abelian, condition (2) does not work as it is incompatible with the anti-symmetry of ω. One is forced to replace it by
If we want ω to be G-invariant this condition is no longer compatible with dω = 0: Indeed,
This equation can be rewritten as follows. Let χ ∈ Ω 3 (G) denote the canonical closed bi-invariant 3-form on G:
Denote by v r ξ and v l ξ the right and left invariant vector field on G generated by ξ. The fundamental vector field for the adjoint action is
which together with the structure equations dθ = − 1 2
Using these formulas condition (4) becomes
so that we are lead to require dω = −µ * χ. However, the moment map condition (3) is in general also incompatible with non-degeneracy of ω since it implies that all generating vectors v ξ (x) with ξ a solution of Ad µ(x) ξ = −ξ have to lie in the kernel of ω x .
We are therefore lead to the following "minimal" definition.
The differential of ω is given by:
(B3) At each x ∈ M, the kernel of ω x is given by
We will refer to µ as a moment map.
In the following section we will give some examples of q-Hamiltonian G-spaces. Let us, however, first make a remark on the definition.
Remark 2.1. For ordinary Hamiltonian G-spaces, the defining conditions can be expressed elegantly in terms of the de Rham model for equivariant cohomology. Let Ω *
Conditions (A1) and (A2) can be summarized by the requirement that ω G (ξ) = ω + µ, ξ be an equivariantly closed form in Ω gives two equations
we obtain
Equation (11) says that v is the value at (a, b) of the fundamental vector field for (α, β). Moreover,
which shows that (B3) is satisfied.
Remark 3.2. We will also make use of different coordinates on D (G) , corresponding to the left trivialization of T * G: setting u = a and v = ba the action reads
, the moment map is
and the 2-form is given by
3.3. From Hamiltonian G-spaces to q-Hamiltonian G-spaces. In this section we show how to construct a q-Hamiltonian G-space from a usual Hamiltonian Gspace (M, A, σ, Φ). The basic Lemma is (see also Jeffrey [J1] ) Lemma 3.3. For s ∈ R let exp s : g → G be defined by exp s (η) = exp(sη). The 2-form on the Lie algebra g given by
We omit the proof at this point since Lemma 3.3 is a consequence of Proposition 8.1 below. Proof. Equivariance of µ is clear and invariance of ω follow from equivariance of exp and Φ and invariance of ̟. Condition (B1) follows from dω = dσ + dΦ
and (B2) from the calculation
To check the non-degeneracy condition (B3) suppose that v ∈ T x M is in the kernel of ω. Then
Since the 1-form on the right hand side annihilates the kernel of d x Φ, this equation implies that v is σ-orthogonal to ker(d x Φ). By (1) the σ-orthogonal complement to ker(d x Φ) span of fundamental vector fields v ξ (x), ξ ∈ g. Letting v = v ξ (x) and using (B2) we arrive at the condition
at x. Pairing with a fundamental vector field v η (x), we find
for all η, which shows
As we remarked in section 2.2, solutions of Ad µ(x) ξ = −ξ lead to elements in the kernel. Therefore it suffices to consider the case Ad µ(x) ξ = ξ, where the condition (14) reads
If Φ(x) ∈ g * ∼ = g is not a singular value of exp this equation says that ξ annihilates the image of the tangent map d x Φ. By (1) this means ξ ∈ g x , that is v ξ (x) = 0, and the proof is complete.
Remark 3.3. Suppose conversely that (M, A, ω, µ) is a q-Hamiltonian G-space. Assume also that there exists U ⊂ g such that exp is a diffeomorphism from U onto some subset V ⊂ G containing µ(M), and let log : V → U be the inverse. Reversing the argument in the proof of Proposition 3.4 we see that (M, A, ω −µ * log * ̟, log(µ)) is a Hamiltonian G-space in the usual sense.
Properties of q-Hamiltonian G-spaces
The following result summarizes a number of consequences of Definition 2.2, analogous to (1) for Hamiltonian G-spaces.
Proof. Observe first that there is an orthogonal splitting of g,
and that g µ(x) = ker(Ad µ(x) −1). 1. By the non-degeneracy condition (B3) the map is surjective. On the other hand if v ξ (x) = 0 then v ξ (µ(x)) = 0 by equivariance of the moment map or equivalently ξ ∈ ker(Ad µ(x) −1) ⊂ im(Ad µ(x) +1). This shows injectivity. 2. Let v ∈ ker(d x µ) ∩ ker ω x . By 1. we can write v = v η with η ∈ ker(Ad µ(x) +1). By equivariance of the moment map, 0 = d x µ(v η (x)) = v η (µ(x)), which shows η ∈ g µ(x) = ker(Ad µ(x) −1). Thus η = 0 and consequently v = 0. 3. Using the defining equation for the moment map,
and Property 1. we have
). On the other hand, equivariance of the moment map together with (6) shows that
) these two equations prove 3. 4. The inclusion ⊃ is a direct consequence from the defining property (B2) of the moment map. Equality follows by dimension count: Using 2. and 3., we have
Remark 4.1. We shall also need the following refinement of Property 4.: Suppose that G is a product G = G 1 × G 2 , and let µ = (µ 1 , µ 2 ) be the components of the moment map. Then
To see this note that as a direct consequence of Property 3., im(d
x ∩ g 1 which implies the above equation by dimension count. Proof. Let x ∈ M and f = µ(x). By equivariance µ is a submersion from M onto C = Ad (G) ·f . (B2) shows that ω is the pull-back by µ of the 2-form on C. Therefore µ is an immersion by Proposition 4.2.
Proof. This is an immediate consequence of the fact that under the inversion map Inv :
We denote the q-Hamiltonian G-space given in Proposition 4.4 by M − . Note that if C is the conjugacy class of f ∈ G then C − is the conjugacy class of f −1 . All of the above results are natural analogues of well-known facts about Hamiltonian G-spaces. The following Theorem introduces a nontrivial automorphism of q-Hamiltonian G-spaces that does not have a counterpart for Hamiltonian G-spaces. As we shall see later, this automorphism corresponds to Dehn twists of 2-manifolds.
Proof. By equivariance of the moment map, Q * µ = Ad(µ)µ = µ. The map x → x µ(x) −1 is an inverse to Q so that Q is a diffeomorphism. The tangent map to Q is given by
) is the sum of the following four terms:
minus the same term with v 1 , v 2 exchanged, plus
Adding up all contributions we find
Remark 4.2. If G is a product G = G 1 ×G 2 one has a twist automorphism for every factor: That is, both maps x → x µ j (x) are equivariant diffeomorphisms preserving µ and ω.
On q-Hamiltonian G-spaces one can define G-invariant Hamiltonian vector fields.
G there is a unique smooth vector field v F satisfying the following conditions:
The vector field v F is G-invariant and preserves ω and µ.
Proof. By Proposition 4.1, Property 1 the map
is injective. Its image defines a smooth sub-bundle E ⊂ T * M ⊕ g. We need to show that x → (d x F, 0) defines a section of E, the corresponding vector field v F is then just the pre-image under A. Since F is G-invariant, d x F annihilates the space {v ξ (x), ξ ∈ g} ⊂ T x M and in particular the kernel ker ω x . This shows that d x F is contained in the image of the map
For all η ∈ g we have, using once again that F is invariant,
G-invariance of v F follows by the G-invariance of its defining equations. The equation
shows that the 2-form ω is v F -invariant. Invariance of µ is equivalent to invariance of the G-valued 1-form µ * θ:
q-Hamiltonian reduction
In this Section we show that the usual Hamiltonian (Meyer-Marsden-Weinstein) reduction procedure can be carried out for q-Hamiltonian G-spaces. We assume that G is a product G = G 1 × G 2 and we consider reductions with respect to the first factor. Given f ∈ G 1 let Z f ⊂ G 1 be its centralizer and z f the Lie algebra. Let M be a q-Hamiltonian G 1 ×G 2 -space, with moment map (µ 1 , µ 2 ). Suppose that f ∈ G 1 is a regular value of µ 1 , so that µ −1 1 (f ) is a smooth submanifold. Proposition 4.1 shows that for all
Theorem 5.1 (q-Hamiltonian reduction). Let M be a q-Hamiltonian G 1 ×G 2 -space and let f ∈ G 1 be a regular value of the moment map µ 1 : M → G 1 . Then the pullback of the 2-form ω to µ
. Letting χ 1 , χ 2 be the canonical 3-forms for G 1 , G 2 , we have
Remark 5.1. The proof shows that if M satisfies the conditions for a q-Hamiltonian G 1 ×G 2 -space except for (B3), the reduced space M f is still well-defined and satisfies (B1) and (B2).
Let us consider a few examples of q-Hamiltonian reduction.
Example 5.1. 1. For a conjugacy class M = C ⊂ G, the reduced space M f is a point if f ∈ C, empty otherwise. 2. Let M = D(G) be the double defined in the previous section, with moment map µ D = (µ 1 , µ 2 ). Consider the reduction with respect to the second G-factor, µ
with Z f acting diagonally from the right and the first G acting diagonally from the left we find that the reduced space is the conjugacy class through the element f −1 . 3. It follows from the proof that if M satisfies (B1) and (B2) but not necessarily (B3), the reduced space M f is still well-defined and satisfies (B1),(B2). For example let (M, A, σ, Φ) be a Hamiltonian G-space, and let (M, A, ω, µ) be the q-Hamiltonian G-space obtained from it, with µ = exp(Φ) and ω = σ + Φ * ̟.
Recall that even if σ is non-degenerate ω can fail to satisfy condition (B3). Suppose f is a regular value of both µ : M → G and exp : g → G. Then all pre-images µ ∈ exp −1 (f ) are regular values of Φ, and the q-Hamiltonian reduction M f is symplectic and is a disjoint union
This follows from the fact that the pull-back of the extra term Φ * ̟ to µ −1 (f ) vanishes.
Remark 5.2. The q-Hamiltonian structure on M f can also be obtained as follows. Let τ be the 2-form on the conjugacy class C = Ad(G) · f and let ι : µ
1 (C)/G be the embedding and projection. Then
Remark 5.3 (Hamiltonian Dynamics commutes with reduction). The Hamiltonian dynamics defined on M by a G 1 × G 2 -invariant Hamiltonian F descends to the reduced space M f . Indeed, the corresponding vector field v F descends to µ −1 1 (f ) because it is G-invariant and tangent to µ −1 1 (f ). Moreover, the restriction of the
Hamiltonian dynamics commutes with reduction.
Fusion product
In this section we introduce a ring structure on the category of q-Hamiltonian Gspaces. We call it a fusion product because it provides a finite-dimensional "classical analogue" to fusion products of representations of quantum groups at roots of unity, and to fusion products of positive energy representations of loop groups (see [MW1] and Section 8 below).
and moment mapμ
Proof. The moment mapμ is equivariant because the group multiplication is an equivariant map with respect to the action by conjugations. Property (B1) follows from
For ξ ∈ g and η ∈ h let v 1 ξ , v 2 ξ and v η denote the fundamental vector fields for the action of the respective factors of G × G × H. The fundamental vector field for the diagonal G-action is just the sum
Finally, we need to check thatω satisfies the non-degeneracy condition (B3). Suppose the vector v ∈ T x M is in the kernel ofω x (We will omit the basepoint x to simplify notation):
A similar argument applies to ι(v)µ * 1 θ. We can therefore choose ξ 1 , ξ 2 ∈ g with
Changing ξ 1 , ξ 2 if necessary it follows that v = v
+ v η for suitable ξ 1 , ξ 2 ∈ g and η ∈ ker(Ad µ 3 +1). Re-inserting this into equations (20) we find
Adding these equations gives ξ 1 = ξ 2 , and then either equation shows the nondegeneracy condition
We call the operation of replacing the G × G × H-action by the G × H-action on a manifold M internal fusion, and denote the resulting space by M 12 (in particular if there are more G-factors involved). Given two q-Hamiltonian G × H j -spaces M j we define their fusion product M 1 ⊛ M 2 to be the q-Hamiltonian
Remark 6.1. 1. Let {pt} denote the trivial G-space, with moment map pt → e.
Then
The fusion operation is associative: Given q-Hamiltonian
More generally if M is a q-Hamiltonian G×G×G×H-space, the two q-Hamiltonian G × H-spaces M (12)3 obtained by first fusing the first two G-factors and M 1(23) obtained by first fusing the last two G-factors are identical. The new 2-form on M in either case is given by
We shall now show that the fusion product is also commutative on isomorphism classes of q-Hamiltonian G-spaces. Switching the two G-factors in Theorem 6.1 before fusing we obtain a Hamiltonian G × H-space M 21 with the same action, but moment map (µ 2 · µ 1 , µ 3 ) and 2-form 
Proof. By equivariance of the moment map R is G × H-equivariant, and we have
proving (21). To prove (22) we note that the tangent map to R is
where v 2 ξ is the fundamental vector field of ξ := ι(v)(µ * 1 θ) x with respect to A 2 . By a calculation similar to that in the proof of Theorem 4.5 we find
Adding (23) (24) proves the theorem.
We leave it to the reader to check that the map
has just the same properties (21), (22) as the map R. We will call R, R ′ braid isomorphisms.
Example 6.1. Let us apply internal fusion to the double D (G) . Fusing the two G-factors we get a q-Hamiltonian G-space
and 2-form
The braid isomorphisms in this case are given by
Remark 6.2. It is interesting to re-examine q-Hamiltonian reduction in connection with fusion. Suppose M is a q-Hamiltonian G × G × H-space, with moment map (µ 1 , µ 2 , µ 3 ). Suppose that e is a regular value of µ := µ 1 µ 2 . Then the diagonal action of G on µ −1 (e) is locally free, hence M// diag(G) := µ −1 (e)/ diag (G) is an H-equivariant orbifold and µ 3 descends to M// diag (G) . We claim that the pull-back of ω to µ −1 (e) is basic and that the induced form ω// diag(G) makes M// diag(G) into a q-Hamiltonian H-space. In fact, since the pull-back of the additional term in (16) to µ −1 (e) vanishes, the claim follows immediately from
Let us also observe that just as in the category of Hamiltonian G-spaces there is a shifting-trick for q-Hamiltonian reduction: If (M, A, ω, µ 1 , µ 2 ) is a q-Hamiltonian G × H-space, then f is a regular value for µ 1 if and only if the identity e is a regular value for the moment map on M ⊛ C − where C = Ad(G) · f , and in this case there is a canonical isomorphism
Cross-sections and convexity
One of the basic tools in the study of Hamiltonian G-spaces is the cross-section Theorem of Guillemin-Sternberg, which is a method of reducing problems to subgroups of G.
In this section we prove a cross-section Theorem for q-Hamiltonian G-spaces and explain its relation to convexity theorems for the moment map.
Let (M, A, ω, µ) be a q-Hamiltonian G-space and let f ∈ G. Since the centralizer Z f ⊂ G is transversal to the conjugacy class C = Ad(G) · f there exists an open Z f -invariant subset U ⊂ Z f containing f and and an equivariant diffeomorphism Proof. All conditions for a q-Hamiltonian Z f -space are immediate except the nondegeneracy condition (B3). Let ι : Y → M be the inclusion. For all y ∈ Y the tangent space T µ(y) G splits into a direct sum
The second summand is mapped under d y µ to a subspace of the tangent space to conjugacy class Ad (G) (25) is ω-orthogonal. Thus if v ∈ ker ι * ω then also v ∈ ker ω. Using that M satisfies (B3) this shows v = v ξ for some ξ ∈ z f satisfying Ad(µ(x))ξ = −ξ.
Remark 7.1. Instead of the restriction µ|Y , one can also use the shifted moment mapμ = f −1 (µ|Y ). It satisfiesμ(x) = e for all x ∈ µ −1 (f ). Remark 3.3 applies and shows that Y is locally equivalent near µ −1 (f ) ⊂ Y to a Hamiltonian Z f -space in the usual sense.
Suppose now that the group G is in addition connected and simply connected. Then there are canonical choices for the cross-sections constructed as follows. Let T ⊂ G be a maximal torus of G, with Lie algebra t, and t + some choice of a positive Weyl chamber. Every Ad(G)-orbit in g passes through a unique point of t + so that t + = g/ Ad (G) . Let A ⊂ t + be the fundamental Weyl alcove. Every conjugacy class C ⊂ G contains a unique point of exp(A) ⊂ T so that we can identify
as the space of conjugacy classes. For every open face σ ⊂ A the centralizer Z exp(ξ) with ξ ∈ σ is independent of ξ and will be denoted Z σ . For σ in the interior of A we have Z σ = T . Introducing a partial order be setting σ τ if σ ⊇ τ we have σ τ ⇒ Z σ ⊂ Z τ , in particular every Z σ contains T . Let us write
Then U σ ⊂ Z σ ⊂ G is smooth, and is a slice for the Ad(G)-action at points in σ. In particular, for every g ∈ U σ we have Ad (G) To see this let q : G → G/ Ad(G) ∼ = A be the quotient map. Note that q is smooth over G · U σ for σ = int A. Using 7.1, it is clear that the components of q • µ generate the T -action just described. In the case of moduli space these T -actions are known as the Goldman flows [G] . See e.g. [MW1] for a discussion and references.
The above fact that the cross-sections are equivalent, after shift of the moment map, to Hamiltonian spaces in the usual sense implies in particular that Kirwan's theorem on convexity and connectedness of fibers of moment maps applies to every connected component of the cross-section.
Using an argument as in [MW1] we can show that the cross-sections for a connected, simply connected compact Lie group are necessarily connected, which then has the following consequence. We will not give the detailed argument here since, as the following section shows, it is indeed just a translation of the argument given in [MW1] into the terminology of q-Hamiltonian G-spaces. Note that the fibers of µ are not necessarily connected if G is for instance a torus.
Relation to Hamiltonian LG-spaces
In this Section we prove that there exists a one-to-one correspondence between q-Hamiltonian G-spaces and Hamiltonian LG-spaces with proper moment map. So, one always has a choice either to work with infinite-dimensional objects (LG-spaces) and more conventional definitions (Hamiltonian spaces) or to use finite-dimensional objects and the new definitions (q-Hamiltonian G-spaces).
Loop group
LG: notations. Let G be a compact Lie group. We define the loop group LG as a space of maps
of a fixed Sobolev class λ > 1/2. Then LG consists of continuous maps and the group multiplication is defined pointwise. Its Lie algebra is the space of maps Lg = Ω 0 (S 1 , g) of Sobolev class λ. We define Lg * as the space of 1-forms
of Sobolev class λ − 1. The natural pairing of Lg * and Lg given by
makes Lg * into a subset of the topological dual (Lg) * . We view Lg * as the affine space of connections on the trivial bundle S 1 × G and let the loop group LG act by gauge transformations:
Let Hol : Lg * → G denote the holonomy map. Recall that if we identify S 1 ∼ = R/Z and let s ∈ R denote the local coordinate, Hol = Hol 1 where Hol s : Lg * → G is defined as the unique solution of the differential equation
On constant connections A = ξds (for ξ ∈ g) the holonomy map restricts to the exponential map: Hol s (ξds) = exp(sξ). The map Hol s satisfies the equivariance condition
in particular the holonomy map Hol = Hol 1 is equivariant with respect to the evaluation homomorphism LG → G, g → g(1) and the adjoint action of G on itself.
Let the based loop group ΩG ⊂ LG be defined as the kernel of the evaluation mapping LG → G, g → g(1). Then LG is a semi-direct product LG = ΩG ⋊ G. The action of ΩG on Lg * is free, and the quotient map is just the holonomy map. Thus Hol : Lg * → G is the universal ΩG-principal bundle. Consider now the closed three-form χ ∈ Ω 3 (G). Since Lg * is an affine space the pull-back Hol * χ to Lg is exact. An explicit potential for Hol * χ is given as follows. Its contraction with a fundamental vector field v ξ (ξ ∈ Lg) is given by
The proof of this proposition is deferred to the appendix.
Equivalence theorem. Definition A Hamiltonian
LG-space is a Banach manifold N together with an LG-action A, an invariant 2-form σ ∈ Ω 2 (M)
LG , and an equivariant map Φ ∈ C ∞ (N, Lg * )
LG such that:
The map Φ is a moment map for the LG-action A:
(C3) The form σ is weakly non-degenerate, that is, the induced map σ
We will show in this section that every Hamiltonian LG-space with proper moment map determines a q-Hamiltonian G-space and vice versa. Since the action of the based loop group ΩG ⊂ LG on Lg * is free, its action on N is free as well and we can form the quotient M = Hol(N) := N/ΩG.
If the moment map Φ is proper then Hol(N) is a smooth finite-dimensional manifold. We denote by Hol the projection Hol : N → Hol(N). Since G = LG/ΩG the diagram
defines a G-action Hol(A) on Hol(N) and the diagram
a G-equivariant map Hol(Φ) : Hol(N) → G. The following result says that holonomy manifolds of Hamiltonian LG-spaces with proper moment maps carry canonically the structure of q-Hamiltonian G-spaces. Proof. Since ̟ is LG-invariant the 2-form (31) is LG-invariant. Moreover if ξ ∈ Lg, we have by (28)
This shows that σ + Φ * ̟ is basic, and that the 2-form ω on M defined by it satisfies condition (B2). Condition (B1) is a consequence of dσ = 0 and (27): Applying an arbitrary vector field v η to the left hand side one finds that
It remains to check the non-degeneracy condition (B3). The kernel of ω is the pushforward by the tangent map d
where f := Hol(Φ(y)). For every ξ with ξ(0) ∈ ker(Ad f +1), the vector v ξ is in the kernel ofσ and the projection by d Hol of such vectors is the space {v η ∈ T Hol(y) M, η ∈ ker(Ad f −1)}. It remains to show that if ξ(0) ∈ ker(Ad f −1) and v ξ ∈ kerσ then ξ(0) = 0, so that v ξ (y) ∈ T y (ΩG · y). Let η ∈ Lg be defined by η(s) := Ad Hol s (Φ(y)) ξ(0).
Since η − ξ ∈ Ωg the fundamental vector field v η (y) still lies in kerσ y . On the other hand, using Proposition 8.1 and Lemma A.1 in the Appendix the value at Φ(y) of the fundamental vector field v η on Lg * lies in ker ̟ Φ(y) . Therefore v η ∈ ker σ y , and by non-degeneracy of σ y finally v η (y) = 0. This completes the proof that (M, A, ω, µ) is a q-Hamiltonian G-space.
Suppose conversely that we are given a q-Hamiltonian G-space (M, A, ω, µ) . Define N as the pull-back of the universal ΩG-principal bundle Hol : Lg * → G by the map µ. In other words, N is given by the fiber product diagram (30). Define Φ as the upper horizontal arrow in (30). There is a unique LG-action A on N such that Φ is equivariant and such that the diagram (29) commutes. Explicitly, it is induced from the LG-action on M × Lg * given by
The 2-form σ is reconstructed from equation (31):
where Hol is the left vertical projection in (30). The above argument, read backwards shows that N is a Hamiltonian LG-space with proper moment map, and in fact M = Hol(N).
The most basic examples of Hamiltonian LG-spaces are provided by coadjoint LGorbits O for the affine action on Lg * , equipped with the Kirillov-Kostant-Souriau symplectic structure. All such orbits are preimages O = Hol −1 (C) of conjugacy classes in C ⊂ G, and conversely the holonomy manifold of the orbit O is just the conjugacy class C. By construction, the corresponding G-action is the restriction of the adjoint action of G and the moment map µ is the embedding into G. By Theorem 8.3 the conjugacy class C inherits from O a quasi-Hamiltonian structure. By Proposition 3.1 such a structure is unique and is described by formula (9). We have proved the following proposition: 
Moduli spaces of flat connections on 2-manifolds
In this section we apply our techniques to describe the symplectic structure on the moduli spaces of flat connections on Riemann surface. Suppose Σ is an oriented 2-manifold with non-empty boundary ∂Σ = r j=0 V j . The space A f lat (Σ) ⊂ Ω 1 (Σ, g) of flat G-connections on Σ × G is invariant under the action of the gauge group G(Σ). Let p j ∈ V j be given base points on the boundary components and let the restricted gauge group G res (Σ) consist of gauge transformations that are the identity at the p j 's. The quotient
where k is the genus. It carries a residual G r+1 action, and the holonomies around the V j descend to a smooth equivariant map
is the moduli space of flat connections with prescribed holonomies, which according to Atiyah-Bott [AB] carries a natural symplectic structure. In this section we construct the q-Hamiltonian structure on the moduli space of flat connections M(Σ). The moduli spaces M(Σ, C) with holonomies in prescribed conjugacy classes C are obtained by q-Hamiltonian reduction from M(Σ). The main result of this section is Theorem 9.3 which identifies M(Σ) as a fusion product of a number of copies of the double D (G) . The upshot is that we arrive at an explicit finite-dimensional description of the symplectic form on the moduli space. For similar constructions see e.g. [J1] , [H] , [KS] , and [GHJW] . For complex Lie groups there is an alternative finite dimensional construction due to Fock-Rosly [FoR] , using ideas from Poisson geometry.
9.1. Gauge-theoretic description. We start by recalling the gauge-theory construction of the symplectic 2-form on M(Σ, C 0 , . . . , C r ), following Atiyah-Bott [AB] . Let Σ be a compact connected oriented 2-manifold with boundary components V 0 , . . . , V r and P → Σ a principal G-bundle. For simplicity we assume that P is the trivial bundle Σ × G although the following discussion goes through for non-trivial bundles as well 1 . Fix λ > 1 and let Ω j (Σ, g) denote g-valued differential forms of Sobolev class λ − j. Then the gauge G(Σ) = Map(Σ, G) is a Banach Lie group modeled on Lie(G(Σ)) = Ω 0 (Σ, g). Consider the space of connections A(Σ) = Ω 1 (Σ, g) as a an affine Banach space, with smooth G(Σ)-action given by
The space A(Σ) carries a natural symplectic form
for which the G(Σ)-action is Hamiltonian, with moment map
here curv(A) ∈ Ω 2 (Σ, g) denotes the curvature and we have taken the orientation on ∂Σ opposite to the induced orientation. Let us choose a base point p j for every boundary component V j , and let Hol j (A) ∈ G denote the holonomy of A along the loop based at p j and winding once around B j . Given conjugacy classes C 0 , . . . ,
be the moduli space of flat connections with holonomies in C j . Since the holonomy of a G-connection on S 1 is determined up to conjugacy its gauge equivalence class M(Σ, C 0 , . . . , C r ) is a symplectic quotient. It does not depend on the choice of Sobolev class λ and is finite-dimensional and compact, but sometimes singular. (For technical details, see e.g. [AB, DK] .) Let us suppose for the rest of this section that r ≥ 0, i.e. that Σ has at least one boundary component. This assumption can be made without loss of generality because if ∂Σ = ∅ andΣ is the 2-manifold obtained from Σ by removing a disk, there is a natural identification M(Σ) ∼ = M(Σ, {e}).
The condition ∂Σ = ∅ implies that the subset A f lat (Σ) of flat connections is a smooth Banach submanifold of finite codimension. Let
denote the embedding. Define the restricted gauge group G res (Σ) as the kernel of the evaluation mapping
In other words G res (Σ) consists of gauge transformations that are the identity at the given base points. Set
Since the action of G res (Σ) is free, it is not very hard to check that M(Σ) is a finite dimensional, smooth manifold -in fact we will see below that it is isomorphic to G 2(k+r) where k is the genus of Σ. From the original G(Σ)-action we have a residual
, and the collection of holonomy maps Hol j (A) descends to an equivariant map µ :
Proof. Choose orientation and base point preserving parametrizations V j ∼ = S 1 of the boundary circles and let
denote the restriction mapping to the jth boundary component. For any g ∈ G res (Σ) the restriction to the jth boundary component is in the based loop group ΩG. Equation (34) and Proposition 8.1 show that pull-back ι * σ to A f lat (Σ) of the 2-form
on A(Σ) is G res (Σ)-basic, and is therefore the pull-back of a unique invariant 2-form ω ∈ Ω 2 (M(Σ)) which satisfies (B1) and (B2). The non-degeneracy condition (B3) is verified along the lines of the proof of Theorem 8.3. Let π : A f lat (Σ) → M(Σ) denote the projection. The kernel of ω at π(A) is the image under dπ of the kernel of ι
σ . The σ-orthogonal complement of ker(d A Ψ) is equal to the tangent space to the orbit through A. Hence v = v ξ for some ξ ∈ Lie(G(Σ)). As in the proof of Theorem 8.3 this implies ξ(p j ) ∈ ker(Ad(Hol (Ψ(p j )) 2 ) − 1) for all p j , and we conclude ξ(p j ) ∈ ker(Ad(Hol(Ψ(p j )) + 1), proving the non-degeneracy condition.
Our next result that M(Σ, C) is a Hamiltonian reduction from M(Σ). Proof. Let O j = Hol −1 (C j ) ⊂ Lg * denote the coadjoint LG-orbits corresponding to the conjugacy classes C j , and Ω j their Kirillov-Kostant-Souriau symplectic forms. Letι : Z ⊂ A f lat (Σ) denote the set of flat connections such that Hol
. . , C r ) be the projection. By definition of the symplectic form σ red on M(Σ, C 0 , . . . , C r ),
By Proposition 8.4, Ω j + ̟ = Hol * ω j , where ω j is the unique 2-form which defines a quasi-Hamiltonian structure to C j . Since Hol •R j = Hol j , this shows
By the Remark in Section 5.2 this Equation shows that σ red coincides with the 2-form obtained by q-Hamiltonian reduction from the space M(Σ) equipped with the 2-form ω.
Remark 9.1. Suppose that G is simply connected. Then the restriction mapping
is a Banach manifold and is a Hamiltonian
LG R+1 -space with proper moment map (see e.g. [Do, MW1] ). Its holonomy manifold is the finite-dimensional MW2] for applications of M(Σ) in this context.
Holonomy description.
Our next goal is to make the q-Hamiltonian structure of M(Σ) more explicit. We start by introducing coordinates on M(Σ). Choose a system of smooth oriented paths U j from p j to p 0 (j = 1, . . . , r) on and loops
2. Letting Σ ′ denote the closed 2-manifold obtained from Σ by capping off the boundary components, the fundamental group π 1 (Σ ′ ) is the group generated by the A i , B i , modulo the relation
3. The path V 0 is obtained by catenation:
Up to G res (Σ)-gauge equivalence, every flat connection on Σ is completely determined by the holonomies a i , b i , u j , v j along A i , B i , U j , V j (i = 1, . . . , k, j = 1, . . . , r), and conversely every collection a i , b i , u j , v j is realized by some flat connection. Consequently we have
with coordinates (a i , b i , u j , v j ). The action of (g 0 , . . . , g r ) ∈ G r+1 is given by
and the components of the moment map µ are
We now construct a q-Hamiltonian structure on M(Σ) as follows. Take r copies of the double D(G) ∼ = G 2 , with coordinates (u j , v j ) as in Remark 3.2, and k copies of its "internal fusion"
Fusing the D(G)'s with respect to the second component of the G × G-action in each copy together with all D(G)'s we obtain a q-Hamiltonian G r+1 -space with action given by (38) and moment map by (39).
9.3. Equivalence of the gauge theory construction and the holonomy construction. We will now prove that the fusion product from the preceeding subsection gives indeed the correct 2-form.
Theorem 9.3. Let Σ be a smooth 2-dimensional orientable manifold of genus k with r + 1 boundary components. Then the moduli space M(Σ) = A f lat (Σ)/G res (Σ) is canonically isomorphic to the fusion product
Proof. Let P denote the polyhedron obtained by cutting Σ along the paths U j , A i and B i . The boundary ∂P consists of 3r + 4k + 1 segments:
Since P is contractible, every flat connection A on Σ determines a unique function ψ ∈ Map(P, G) such that
Choose an orientation-preserving parametrization ∂P ∼ = [0, 1] such that p 0 = 0, and let ψ s denote the value of ψ|∂P at s ∈ ∂P . As before let ι : A f lat (Σ) ֒→ A(Σ) denote the inclusion.
Lemma 9.4. The pull-back of symplectic form σ to the submanifold of flat connections is given by the formula
For a proof of this result see e.g. [AM] .
To proceed we introduce some more notation. Suppose ∆ = [s 0 , s 1 ] ⊂ [0, 1] is a subinterval, and c := ψ s 0 and d = c −1 ψ s 1 . Then
satisfies Equation (42) with initial condition ψ(s 0 ) = e instead of ψ(p 0 ) = e. Set ψ s 0 s = c −1 ψ s and define
Lemma 9.4 asserts that ι * σ = ̟ ∂P , while the 2-formσ on A(Σ) that gives to the q-Hamiltonian structure on the moduli space M(Σ) satisfies
Using (43) we evaluate this equation as follows. Combine the segments (41) of the boundary ∂P to the following r + 1 + k loops on Σ:
, and let c i := ψ t i and
Let us first consider the contribution of the loops ∆ k+j for j = 1, . . . , r. By another application of (43) we have
In the first line contributions ̟ U j and ̟ U −1 j cancel each other due to the difference in orientation. The term ̟ V j cancels the corresponding contribution to (44). The remaining expression gives the 2-form on the double D (G) .
Next, we analyze the contribution of
for i = 1, . . . , k:
The last line reproduces the 2-form on D (G) . Finally, the contribution ̟ V 0 cancels the corresponding term in (44). We have shown that the 2-formσ is a pull-back of the sum of r copies of the 2-form on D(G), along the maps u i , v i , and of k copies of the 2-form on D(G), along the maps a i , b i . The cross terms Suppose now that we are given a tuple of conjugacy classes C = (C 0 , . . . , C r ).
Recall that the reduction of D(G) at C i is equal to C − i . Theorem 9.3 together with Theorem 9.2 show that the moduli space M(Σ, C) is a q-Hamiltonian reduction,
In particular, the moduli space for the sphere with d holes is the reduction of a d-fold fusion product of conjugacy classes. This fits nicely with the well-known similarities of this space with the symplectic reductions of a d-fold product of coadjoint G-orbits.
9.4. Action of the mapping class group. Let Diff(Σ) denote the group of orientation preserving diffeomorphisms of Σ, with the C 1 -topology. Its Lie algebra is the space of vector fields that are tangent to the boundary. The action
preserves the 2-form σ, and is Hamiltonian with moment map
for X ∈ Lie(Diff(Σ)). It also acts on the gauge group G(Σ) by g φ = (φ −1 ) * g, and combines with the gauge group action to an action of the semi-direct product
Consider the smaller group Diff res (Σ) consisting of all φ ∈ Diff(Σ) that preserve the base points {p 0 , . . . , p r } up to permutation. Its action descends to M(Σ), and combines with the action of G r+1 to an action of the semi-direct product G r+1 ⋊ Diff res (Σ), where Diff res (Σ) acts on G r+1 by permuting factors. Clearly the Diff res (Σ)-action preserves ω and permutes the components of µ. However, the action of the identity component Diff
is trivial because every φ ∈ Diff 0 (Σ) is connected to the identity by a smooth path φ t , and because the fundamental vector field v X of X ∈ Lie(Diff res (Σ)) is equal to v ξ for ξ = −ι(X)A ∈ Lie(G(Σ)). All that remains is therefore the action of the mapping class group Γ(Σ) = Diff res (Σ)/ Diff 0 res (Σ), and we obtain an action of the semi-direct product
preserving ω. The action of the "pure" mapping class group, i.e. the kernel of the homomorphism Γ(Σ) → S(p 0 , . . . , p r ) to the permuation group, descends to a symplectomorphism of the reduced spaces M(Σ, C 0 , . . . , C r ). The action of Γ(Σ) can be described explicitly in terms of coordinates on M(Σ).
Example 9.1. According to Theorem 9.3 the moduli space M(Σ) for Σ = Σ 2 0 the 2-holed sphere is just the double D(G) considered in the previous section. The element a is interpreted as parallel transport along a path from p 1 ∈ V 1 to p 2 ∈ V 2 , while ab is the holonomy around the boundary component V 2 . The map
corresponds to a diffeomorphism exchanging V 1 and V 2 : Indeed it satisfies S * ω = ω, but switches the G-factors so that S * (µ 1 , µ 2 ) = (µ 2 , µ 1 ) and S((a, b)
Another interesting action is given by
This action by Q is equivariant and preserves both the 2-form and the moment map. It corresponds to a diffeomorphism which rotates one of the boundary circles by 2π while leaving the other one fixed. Since D(G) acts as the identity under diagonal reduction (that is, (M ⊛ D(G)) e ∼ = M) this explains the existence of the twist automorphism, Theorem 4.5.
Example 9.2. The fusion operation M 1 ⊛ M 2 can be viewed as a diagonal
with respect to two of the three boundary circles of Σ 3 0 . Choosing an element of the mapping class group exchanging these two boundary circles we obtain a q-Hamiltonian isomorphism M(Σ 
This is the origin for the braid isomorphisms discussed in Section 6.
In [MW2] , a fusion operation was introduced for Hamiltonian LG-manifolds with proper moment maps. Letting M(Σ 3 0 ) be the Hamiltonian LG 3 -manifold associated to Σ 3 0 , the fusion product of two Hamiltonian LG-manifolds M 1 and M 2 is the diagonal LG 2 -reduction
it is a Hamiltonian LG-space with proper moment map. (By contrast, the moment map for the direct product M 1 ×M 2 with diagonal LG-action is not proper and does not have the correct equivariance property.) The holonomy manifold of
Relation to Poisson-Lie G-spaces
In this Section we establish a connection between the theory of Poisson-Lie groups and the theory of q-Hamiltonian G-spaces. Although these two theories are not equivalent to each other, the definition of a Poisson-Lie G-space can be rewritten in a form very similar to the definition of a q-Hamiltonian G-space.
10.1. Poisson-Lie G-spaces. We begin with a short exposition of the theory of Poisson-Lie G-spaces of J.-H. Lu and A. Weinstein [L, LW] . As for q-Hamiltonian spaces, the target of the moment map is a non-abelian Lie group.
Throughout this section G denotes a connected and simply connected compact Lie group and T ⊂ G a maximal torus. The inner product ( , ) on g induces a complex-bilinear form, still denoted ( , ) on its complexification g C . We will regard g C as a real Lie algebra, and let G C be the corresponding Lie group. Let n ⊂ g C be the sum of root spaces for the positive roots and a := √ −1 t. Write A = exp(a) and N = exp(n). We have the Iwasawa decompositions
The pairing of the subalgebra a ⊕ n with g given by the imaginary part of ( , )
is nondegenerate, and identifies a⊕n ∼ = g * . Let G * = AN ⊂ G C be the corresponding simply connected subgroup. We denote the projection to the first factor by α : G * →
A. According to Drinfeld the isomorphism g C = g ⊕ g * means that G is a PoissonLie group, and G * its dual Poisson-Lie group. By the Iwasawa decomposition any element G C can be uniquely written as a product of elements of G * and G:
Left-multiplication of G on G C induces an action of G on G * = G C /G which is known as the (left) dressing action (this terminology is due to Semenov-Tian-Shansky). We denote the fundamental vector fields for the dressing action by v ♯ ξ . We will use the same notation θ, θ for the Maurer-Cartan forms on G C and its subgroups. This does not lead to ambiguities since the Maurer-Cartan form on a subgroup of a group is just the pull-back of the Maurer Cartan-form on the group. Sometimes we denote the Maurer-Cartan forms on G * by θ G * , θ G * for clarity. Let
, and an equivariant map µ ∈ C ∞ (M, G * ) such that the following conditions are fulfilled:
(D3) The form ω is non-degenerate. The map µ is called a Poisson-Lie moment map.
The factor of 2 is introduced into (D2) in order to simplify the comparison of the definition of a Poisson-Lie G-space to the definition of a q-Hamiltonian G-space with P -valued moment map.
Remark 10.1. 1. The 2-form ω is not invariant. Rather, the point of the definition is that the action map A becomes a Poisson map [L] . 2. Just as for q-Hamiltonian G-spaces, there is a ring structure on the category of Poisson-Lie spaces. Given two Lie-Poisson G-spaces M 1 , M 2 there exists the structure of a Lie-Poisson G-space on M 1 × M 2 with symplectic form the sum ω 1 + ω 2 and moment map the pointwise product µ 1 · µ 2 . The G-action is not simply the diagonal G-action but is "twisted". See e.g. [FR] . 3. The moment map for Poisson-Lie G-spaces has the properties
The proof is analogous to that for Hamiltonian G-spaces.
10.2. q-Hamiltonian G-space with P -valued moment maps. As we explained in Remark 2.1, the possibility of choosing X = g * or X = G as target space for a generalized moment map relies on the existence of a natural equivariantly closed equivariant 3-form χ G on X. In this subsection we present another example of a target X with this property.
Let τ : G C → G C denote the Cartan involution, defined by exponentiating the complex conjugation mapping g C → g C , and let I :
. We will also use the notation Ig = g † since for G = SU(N) the complexification is G C = Sl(N, C) and the map I is Hermitian conjugation. Let P denote the symmetric space
The adjoint action of G on G C leaves P invariant. Let p : P ֒→ G C denote the embedding. Set
and define a 3-form χ P ∈ Ω 3 (P ) by
For all ξ ∈ g, the complex conjugate of the 1-form (θ, ξ) ∈ Ω 1 (G C , C) is −(I * θ, ξ). Therefore the 1-form (θ + I * θ, ξ) is purely imaginary. On P the map I is trivial, so that (θ P + θ P , ξ) is purely imaginary. Put differently, θ P + θ P takes values in √ −1g. The equivariantly closed extension of χ P is the 3-form χ P,G ∈ Ω 3 G (P ) defined by
Definition 10.2. A q-Hamiltonian G-space with P -valued moment map is a manifold M equipped with a G-action A, a 2-form ω P ∈ Ω 2 (M) and an equivariant map
(E1) The differential of ω P is given by:
(E3) The form ω P is non-degenerate. The map µ P is called a P -valued moment map.
Since G by assumptionis connected, equivariance of the moment map µ P together with conditions (E1) and (E2) imply invariance of the 2-form ω P :
10.3. Equivalence of Poisson-Lie G-spaces and q-Hamiltonian G-spaces with P -valued moment map. In this subsection we prove the equivalence of the definitions of a Poisson-Lie G-space and of a q-Hamiltonian G-space with P -valued moment map. Consider the map
It turns the left G-action on G C into the adjoint action on P and restricts to an equivariant diffeomorphism G * ∼ = P . Let κ : G * ֒→ G C denote the embedding. 
is a q-Hamiltonian G-space with P -valued moment map.
Proof. The map µ P is equivariant because it is the composition of two equivariant maps. To check (E1) observe first that
Taking imaginary parts this shows j * Im χ C = − Using this fact together with (D2) we compute ι(v ξ )(ω − 1 2 µ * Im κ * (I * θ, θ)) = 1 2 µ * κ * j * Im (θ + θ, ξ) = 1 2 µ * P Im(θ + θ, ξ) which gives (E2). To verify (E3) let v ∈ ker(ω P ) x , that is,
Since the right hand side of this equation annihilates the kernel of d x µ, this shows that v ∈ ker(d x µ) ω . By (46) this implies that v = v ξ (x) for some ξ ∈ g. Using (E2) we arrive at the condition 0 = ι(v ξ )ω P = 1 2 √ −1 µ * P (θ P + θ P , ξ).
Contracting this Equation with v η for η ∈ g shows (η, Ad µ P (x) ξ − Ad µ P (x) −1 ξ) = 0 for all η, or ξ ∈ ker(Ad µ P (x) 2 −1) = ker(Ad µ P (x) −1) ⊕ ker(Ad µ P (x) +1).
Since the eigenvalues of Ad µ P (x) are nonegative real numbers, the space ker(Ad µ P (x) +1) is trivial. Hence Ad µ P (x) ξ = ξ . For such ξ the above equation becomes 0 = µ * P (θ P + θ P , ξ) = 2µ * P (θ P , ξ). By (D2) this equation shows ι(v ξ )ω = 0, and finally v ξ = 0 by non-degeneracy of ω, proving (E3).
One can easily reverse the argument and show that the structure of a qHamiltonian G-space with P -valued moment map defines the structure of a PoissonLie G-space on the same manifold. In the proof we used the following Lemma: The last two terms in this expression cancel, for the following reason. It is easy to see that one of them is a complex conjugate of the other. We will show that the first one is real which ensures the cancellation. Indeed, the subalgebra n equals the kernel of the bilinear form (, ) restricted to a ⊕ n. Hence
which is real since the restriction of (, ) to a is real-valued. To compute the first two terms in (50) 10.4. Equivalence of q-Hamiltonian G-spaces with P -valued moment map and Hamiltonian G-spaces. Let us note that the space P has two important properties:
1. P is contractible. Hence, the closed 3-form χ P is exact. 2. The restriction of the exponential map exp : g C → G C to √ −1 g ⊂ g C is invertible and has image P . Let κ : P → √ −1 g be the inverse map, and identify √ −1 g ∼ = g * by means of the pairing Im( , ).
Using these facts one can convert a q-Hamiltonian G-space with P -valued moment map into a usual Hamiltonian G-space.
Proposition 10.5. 1. There exists a canonical G-invariant 2-form τ on P such that:
2. Let (M, A, µ P , ω P ) be a q-Hamiltonian G-space with P -valued moment map. Then the manifold M with the same G-action A, moment map µ = κ • µ P : M → g * and 2-form ω = ω P + µ * P τ is a Hamiltonian G-space.
This was proved in [A] . In fact, the proof is essentially as that of Proposition 3.4 since the restriction of the exponential map to √ −1g is invertible. Propositions 10.3 and 10.5 reduce the theory of Poisson-Lie G-spaces to the usual theory of Hamiltonian G-spaces. 
